Abstract -We prove an analogue of the Brauer-Siegel theorem for Fermat surfaces over a finite field F q . Namely, letting F d be the Fermat surface of degree d over F q and p g (F d ) be its geometric genus, we show that, for d → ∞ ranging over the set of integers coprime with q, one has
Introduction
We prove an analogue for certain surfaces over a finite field of the classical Brauer-Siegel theorem, which asserts that, in families of number fields k of bounded degree, the product of the class number h k and of the regulator of units R k is of order of magnitude √ ∆ k , where ∆ k denotes the absolute value of the discriminant of k. More precisely, Theorem 1.1 (Brauer-Siegel) -When k runs through a sequence of number fields, whose degrees over Q are bounded and whose discriminants ∆ k grow to infinity, one has:
The proof of Theorem 1.1 (see [Lan94, Chap. XVI] ) is analytic, in that it uses properties of the Dedekind zeta functions ζ k (s) of the number fields k in the sequence. There are two main ingredients to it: the first is the analytic class number formula, which relates h k · R k to the residue ζ * k of ζ k (s) at its pole at s = 1, and the second is the asymptotic estimate log ζ * k = o log √ ∆ k obtained by studying the behaviour of ζ k (s) around s = 1.
In the analogy between number fields and function fields of curves over finite fields, Theorem 1.1 has the following translation (see [Ina50] , or [GL78] for a similar statement): Theorem 1.2 (Inaba) -Given a finite field F q , when C runs through a sequence of smooth projective and geometrically connected curves over F q , whose gonalities are bounded and whose genera g C grow to infinity, one has log Jac C (F q ) ∼ log q gC , (as g C → ∞),
where Jac C denotes the Jacobian variety of C.
The analogy with Theorem 1.1 becomes evident upon noting that Jac C (F q ) is isomorphic to the divisor class group of F q (C), and that no regulator of units appears in this setting. The proof of Theorem 1.2 is analytic too, this time using the Hasse-Weil zeta functions ζ(C/F q , s) of the curves C in the sequence. Both Theorem 1.1 and Theorem 1.2 have been recently generalized: for example, see [TV02] for a study of the consequences of weakening the hypothesis of bounded degree in Theorem 1.1 (respectively, of bounded gonality in Theorem 1.2).
In this article, we prove an analogue of Theorems 1.1 and 1.2 for a sequence of surfaces over a finite field. More precisely, given a finite field F q , consider for all integers d ≥ 2, the Fermat surface F d of degree d, i.e. the hypersurface of P 3 over F q given by:
To ensure that F d is smooth and geometrically irreducible, we always assume that d is prime to q. Let NS(F d ) be the Néron-Severi group of F d over F q , it is known to be a finitely generated torsion-free abelian group (see [Mil80, Chap . V] and [Shi87] ). It is endowed with the intersection form (a nondegenerate bilinear pairing), and one can then define the regulator of F d to be the Gram determinant
where C 1 , . . . , C ρ are divisors on F d whose classes form a Z-basis of NS (F d ). This construction is reminiscent of the definition of the regulator of units of a number field as a determinant. Besides, recall that the Brauer group Br(F d ) is defined as the group of similarity classes of Azumaya algebras over F d (see [Gro68a] , [Gro68b] , [Mil80] ). For our purpose, it is sufficient to know that Br(F d ) classifies algebraic objects on F d that are everywhere locally trivial but not globally trivial. It is thus a distant relative of the class group of a number field k, which classifies ideals that are everywhere locally principal, but not necessarily globally so. The Brauer groups of Fermat surfaces has been shown to be finite (see [SK79] , [Tat66] , [Mil75] ).
Our main result in this article is the following asymptotic estimate on the product | Br( 
where
It then follows from an easy estimate of p g (F d ) that, when d → ∞, one has log |Br(
This shows that the product | Br(F d )| · Reg(F d ) grows exponentially fast with d.
The proof of Theorem 1.3 proceeds in two steps. For any integer d ≥ 2 coprime with q, denote by ζ(F d /F q , s) the Hasse-Weil zeta function of F d . Putting T = q −s , Weil's work [Wei49] shows that:
where P 2 (F d /F q , T ) is an explicit polynomial with integral coefficients (see Section 2.3 for details). The Artin-Tate conjecture for surfaces (see [Tat66] , [Tat94] , [Mil75] ) provides a (conjectural) analogue of the class number formula (see Section 2.1). For the surfaces F d , this conjecture has been fully proved by Katsura and Shioda (see [SK79] , [Shi87] ). Recall that the special value of
Theorem 1.4 is a by-product of our main technical result (see Corollary 6.8), whose proof occupies most of sections 5 and 6. The proof hinges on the explicit expression of P 2 (F d /F q , T ) obtained by Weil. The upper bound in (4) is relatively straightforward (see section 5) but the lower bound is more demanding: let us give a rough sketch of our strategy (see section 6). By construction, the special value has the shape:
Upper bounds on w q (d) in terms of p g (F d ) imply lower bounds on log P * 2 (F d /F q ): to prove the one in (4), we are to show that
An argument "à la Liouville" gives the trivial upper bound: w q (d) = O p q (F d ) (see Proposition 6.1), and we improve on this as follows. The special value P * 2 (F d /F q ) is given as a product of algebraic numbers related to Jacobi sums: we keep track of the contribution of each factor of this product to the denominator in (5) by making use of Stickelberger's theorem (see [IR90] , [Lan94] ). In Theorem 6.3, we thus obtain an explicit expression of w q (d) in terms of combinatorial data related to the action of q on Z/dZ by multiplication. To conclude that 
The implied constant is effective and depends only on q.
This bound on the rank of Néron-Severi groups appears to be new: it improves greatly on the "geometric" rank bound of Igusa (see [Igu60] ), which would yield that ρ(
3 . Moreover (Proposition 5.4), the bound (6) is "asymptotically optimal" in the sense that there exists an infinite sequence of integers d ′ prime to q such that
General notations For any finite set X, we denote the cardinality of X by
for some real constant C a > 0 depending at most on a parameter a. 
Special values of zeta functions of Fermat surfaces
In this section, we quickly review useful facts about zeta functions of surfaces over finite fields and conjectures about them. We also recall the definitions of Fermat surfaces and known results about their zeta functions.
Let F q be a finite field of characteristic p, and let S be a smooth projective and geometrically irreducible surface over F q . We write S = S × Fq F q , where F q is the algebraic closure of F q . For a prime number ℓ = p, denote by H i (S) the i-th ℓ-adic étale cohomology space H í et (S, Q ℓ ). The Néron-Severi group NS(S) is defined to be the image of Pic(S) in NS(S). Since the base field F q is finite, another possible definition is NS(S) := NS(S)
Gal(Fq/Fq) , the Gal(F q /F q )-invariant subgroup of NS(S) (see [PTvL15, Prop. 6 .2]). The so-called "Theorem of the base" asserts that NS(S), and therefore NS(S), is a finitely generated abelian group (see [Mil80, Chap. V]). The rank ρ(S/F q ) of NS(S) is called the Picard number of S. Moreover, the Néron-Severi group is endowed with the intersection form (− · −), which is a nondegenerate bilinear pairing: if D 1 , . . . , D ρ is a set of divisors on S whose classes generate NS(S) modulo torsion, we define the regulator of S to be
(2.1)
The Brauer group of S can be defined in (at least) two ways: one can define Br(S/F q ) as the group of similarity classes of Azumaya algebras over S (see [Gro68a] ) which, when S is smooth and projective, is isomorphic to the "cohomological" Brauer group 
Zeta functions of surfaces and their special values
A priori, the zeta function of S is defined as the formal power series
where |S(F q n )| denotes the number of F q n -rational points on S. Since Weil's conjectures were proved by Deligne [Del74] , it is known that Z(S/F q , T ) is actually a rational function of T : more precisely,
,
, where Fr * is the endomorphism of H i (S) induced by the action of the geometric Frobenius on S. It is also known that the polynomials P i (T ) have integral coefficients, are independent of the choice of ℓ = p, and that their reciprocal roots are algebraic integers of absolute value q i/2 in any complex embedding (the so-called Riemann hypothesis for Z(S/F q , T )). For more details about these facts, the reader can consult [Mil80] .
If S is geometrically irreducible, one has P 0 (T ) = 1−T and P 4 (T ) = 1−q 2 T . Furthermore, by Poincaré duality, P 3 (T ) = P 1 (qT ) and, as soon as S has a trivial Picard variety, P 1 (T ) = P 3 (T ) = 1. Finally, any nonsingular surface S of degree d in P 3 has
Let us study the analytic behaviour of P 2 (S/F q , T ) at T = q −1 (that is, the behaviour of s → Z(S/F q , q −s ) at s = 1). First, define the analytic rank ρ of S to be the order of vanishing of P 2 (T ) at T = q −1 . Secondly, define the special value at T = q −1 to be 
Equality (2.4) can also be written under the equivalent form of a Taylor expansion of P 2 (S/F q , q −s ) around s = 1:
We refer to [Tat66, Conjecture C] for the original statement, and to [Tat94, §4] for a more general one. Tate and Milne have subsequently proved that parts (1) to (3) are equivalent (see [Tat94] , [Mil75] , or [Ulm14] for a survey). The full Conjecture 2.1 is known for certain surfaces over F q , among which Fermat surfaces (see below).
Fermat surfaces
For any positive integer d coprime to p, let F d be the d-th Fermat surface over F q , whose equation in P 3 is 
Furthermore, for any nonsingular surface S in P 3 , one knows that NS(S) is torsion-free, and that the Picard variety Pic(S) is trivial (so that, in particular, the defect of smoothness δ(S) vanishes). See [SK79] , [Shi86] , [Shi87] and [SSvL10] for detailed geometric information on F d .
Crucial to our further study is the natural action of
Note that, when d divides |F
is an action by F q -automorphisms (since then, all d-roots of unity in F q are F q -rational). In general though (i.e. d only assumed to be prime to q), the action of the q-th power Frobenius Fr q on Γ d is not trivial. Instead of Γ d , we will rather study its character group Γ d under the following "combinatorial" incarnation:
(2.6)
Zeta functions of Fermat surfaces
The zeta function of Fermat surfaces have been explicitly computed by Weil in [Wei49] as evidence for his conjectures. We recall his result in this subsection but before we do so, we need to introduce a few more notations which will be in force for the rest of the paper.
Action of q on G d , and the Teichmüller character
Let p be a prime number; we fix, once and for all, an algebraic closure Q of Q (of which all number fields are seen as subfields) and a prime ideal P above p in the ring of integers Z of Q. The quotient field Z/P is then an algebraic closure of F p : all the finite fields F q of characteristic p involved in our computations will be seen as subfields of this algebraic closure. Let µ p ′ ⊂ Q be the group of roots of unity whose order is prime to p. The reduction map Z → Z/P = F p induces an isomorphism µ p ′ → F p × . We denote by
× the inverse of this isomorphism: we call t the Teichmüller character, and we also denote by t the restrictions of t to the various finite fields
There is a natural action of (Z/dZ)
For any subset Λ of G d which is stable under this action of q, we will denote by O q (Λ) the set of orbits of Λ under multiplication by q. Given an orbit A ∈ O q (Λ), we will often have to make a choice of a representative a ∈ Λ of this orbit. To avoid repeating the sentence "[...] where a is a representative of the orbit A", we will stick to the following convention: orbits in O q (Λ) will always be denoted by an uppercase bold letter (A, B, ...) and we denote by the corresponding lowercase bold letter (a, b, ...) any choice of a representative in Λ of that orbit. For any orbit A ∈ O q (G d ), we let |A| be the length of A; in other words, for any representative a = (a 0 , . . . , a 3 ) ∈ A, one has |A| = {a, q · a, . . . , q n · a, . . . } , or equivalently It is also easily checked that the pairing (a, ζ)
Moreover, this isomorphism takes the q-th power Frobenius action on Γ d to the action of q by multiplication on G d in the following sense:
Jacobi sums
To state Weil's result in a convenient form, we need to introduce a specific 'instantiation" of Jacobi sums. We make the convention that characters χ :
character, in which case we put χ(0) = 1. Classical facts about characters of finite fields and Jacobi sums can be found in [IR90] and [LN97] .
Definition 2.2 For all
.
One then defines a Jacobi sum (relative to F Q ):
In the case where s = 1, we denote J q |A| (a) by J(a) for short. By convention, let J(0, 0, 0, 0) = q.
This normalization of Jacobi sums is the same as that of Weil [Wei49] and of Shioda [Shi87] . Note that the characters χ i have order dividing d (actually, the order of χ i can be seen to be d/ gcd(d, a i )) and χ i is trivial if and only if a i = 0. In particular, one can see that J Q (a) is an algebraic integer in the cyclotomic field Q(ζ d ). The Galois group Gal(Q(ζ d )/Q) thus permutes the Jacobi sums: let us identify Gal(
Furthermore, it is well-known that |J Q (a)| = Q if and only if all χ i are non trivial and their product χ 0 · . . . · χ 3 is trivial: we are thus led to introduce
∀i, a i = 0 and
We note that the subset G
is stable under the action of (Z/dZ) × and has cardinality |G
. Also, we remark that J(q · a) = J(a), and more generally that J(p · a) = J(a). Finally, we recall the relation of Davenport-Hasse for Jacobi sums in the following form (see [Wei49] , [IR90] ):
Zeta functions of Fermat surfaces
We have now enough notations to state the result of Weil alluded to earlier: 
where, denoting by J(a) = J q |A| (a 0 , . . . , a 3 ) the Jacobi sum defined above,
There are at least two ways to obtain this expression: one is by a "point-counting" argument (see [Wei49] or [IR90] ), another is via a more cohomological method (see [SK79] or [Kat81, Coroll. 2.4]). Note that the "usual" setting for the proof is the hypothesis that d divides q − 1, which is insufficient for our use since we need d to be arbitrarily large with respect to a fixed q. This explains the appearance of the action of q on the indexing set G 
Remark 2.4
If one considers the Fermat surface "with coefficients", that is to say the surface defined by
one can also give an explicit expression of the zeta function. The only change in (2.9) is that
where ξ c (a) = 
Special values of zeta functions of Fermat surfaces
We now introduce G *
is obviously stable under the action of q; furthermore, a computation (as in Lemma 3.5) shows that the special value of
On the other hand, P *
) also has an expression in terms of algebro-geometric invariants of 
1). In particular, its Brauer group Br(F d ) is finite.
Shioda actually proved that F d /F q satisfies the Tate conjecture (part (1) of Conjecture 2.1). His proof relies on the following two facts: first, if one knows that (1) holds for a surface S and if there is a dominant rational map S S ′ , then (1) also holds for S ′ . Second, (1) is true for surfaces S that are products of curves C 1 × C 2 by a famous result of Tate [Tat94] . In particular, (1) is known for all surfaces that are dominated by products of curves (note that not all surfaces are of this form). Now Katsura and Shioda explicitly constructed a dominant rational map C 1 × C 2 F d from a product of Fermat curves to F d . For more details, see [SK79] .
The veracity of Conjecture 2.1 for F d (in particular, of part (3) of Conjecture 2.1) yields the following expression for P *
Proposition 2.6 (Shioda) -Let F q be a finite field. For any integer d ≥ 2 that is prime to q, one has:
(2.12)
A more general setting
With Proposition 2.6 and the explicit expression (2.11) for the special value P * 2 (F d /F q , q −1 ) of the zeta function of the Fermat surfaces, the proof of our main theorem (Theorem 1.3) reduces to proving the asymptotic bound on the special value P * 2 (F d /F q , q −1 ) mentioned in the introduction (Theorem 1.4). Since we have other applications in mind for these bounds on special values, and since it won't lead to too many technical complications, we will consider a slightly more general setting which we now describe.
The polynomials P (Λ, T )
Let F q be a finite field of characteristic p. As above, for any integer d ≥ 2 that is prime to p, we let
Recall that (Z/dZ) × (and thus its subgroup q d ) acts by multiplication on G d . If Λ ⊂ G d is stable by multiplication by q, we denote by O q (Λ) the set of orbits of Λ under this action. We will be interested in the following class of polynomials:
Definition 3.1 Let Λ be a nonempty subset of G d . We assume that Λ is stable under the action of (Z/dZ) × by multiplication. We then define the following polynomial
. , a 3 ) is the Jacobi sum defined above (Definition 2.2).
Under the assumption that Λ is (Z/dZ) × -stable, P (Λ, T ) indeed has integral coefficients (because the Jacobi sums are algebraic integers and the action of Gal(Q(ζ d )/Q) on {J(a)} a∈G d corresponds to the action of (Z/dZ) × on G d , see (2.7)). Note that P (Λ, T ) implicitly depends on q, but we chose not to include it in the notation since q is fixed. Besides, we remark that deg P (Λ, T ) = a ∈ Λ J a = 0 ≤ |Λ|. Now define the special value of P (Λ, T ) at T = q −1 to be
, where ρ = ord T =q −1 P (Λ, T ).
In other words, if we set P *
Examples
To justify our considering such objects, let us give a few examples of situations in which polynomials P (Λ, T ) naturally appear. So that, from Weil's theorem (Theorem 2.3), we obtain
Notice that Λ F is of size
This example is actually the one to which we apply our main result (Corollary 6.8) here. 
4 /(diagonal) (see subsection 2.2). The finite group H acts on F d , and we let S := F d /H be the quotient of the Fermat surface F d by this action. The resulting surface S is defined over F q and is normal (but not necessarily smooth). Ulmer has proved a number of facts about S, among which the identity P 2 (S/F q , T ) = P (Λ H
Two preliminary lemmas
× -stable subset: in the lemma below, we give an explicit expression for the special value P * (Λ). First, let us introduce the following decomposition of Λ: 
as claimed. Now, by definition of P * Λ (T ) and by construction of the decomposition of Λ, it follows that
Evaluating this expression at T = q −1 yields the result.
In the following lemma, we record a few useful facts about the action of q on subsets of G d .
Lemma 3.6 -Let Λ ⊂ G d be a nonempty subset which is stable under the action of (Z/dZ)
× by multiplication. Then the following upper bounds hold:
A∈Oq(Λ)
log |A| ≪ log q · |Λ| · log log |Λ| log |Λ| .
All the involved constants are absolute and effective.
Proof: The first assertion follows directly from the fact that the set O q (Λ) can be written as a disjoint union of orbits under the action q. To prove part (ii), we introduce the following notation: for any divisor 
Putting these remarks together, we see that
] be a parameter, we split the last sum into two parts, which we will estimate separately:
To bound the first sum, we remark that for each d
Since the function y → y 3 / log y is increasing on [2, X], the first sum satisfies
To treat the second sum, we use that y → (log y) −1 is decreasing on [X, +∞[ and the decomposition
Summing the two contributions and choosing X = |Λ| 1/4 leads to
This proves part (ii) of the Lemma (with a hidden absolute constant c 5 ≤ 9). We finally turn to the proof of part (iii); again, we use the decomposition of O q (Λ) as the disjoint union of 
We introduce a new parameter Y ∈ [3, d] and we split the sum into two parts according to the size of d ′ with respect to Y . To bound the sum over "small divisors"
The sum over "big divisors" of
can be bounded from above by remarking that y → (log y)/y is decreasing on [3, +∞[:
From part (ii) that we have just proved, we deduce that:
On taking Y = log |Λ|/(c 5 log q), we get the desired inequality (with an absolute constant c 6 ≤ 18).
An equidistribution statement
Let us temporarily turn to a more combinatorial problem and consider subsets of Z/dZ. The fractional part of x ∈ R will be denoted by {x}. The map m ∈ Z/dZ → {m/d} allows us to view subsets of Z/dZ as sequences in [ 
+∞.
Then, for all ε ∈ (0, 1/4), when d ∈ D goes to +∞, one has
The constant c 7 > 0 is effective and depends at most on ε > 0. 
Fourier transform on Z/dZ
Fix a positive integer d ≥ 2, any function ψ : Z/dZ → C has a Fourier transform ψ : Z/dZ → C defined by
where e(x) := e 2iπx . In this context, an analogue of Plancherel's equality can be seen to hold: 
where γ ≃ 0.577... denotes the Euler-Mascheroni constant.
Proof: Let us cut the sum into two parts according to the given parameter β ∈ (0, 1]:
The first sum is clearly
Since ψ H (y) ∞ ≤ 1, the second sum is bounded by:
For any y ∈ Z/dZ, there are at most gcd
By Plancherel's equality (4.2), we have
From which it follows that
Adding the two contributions, we arrive at:
We conclude the proof by using the classical theorem stating that d/φ(d) ≤ e γ · log log d (see [HW08, Thm. 328]) where γ denotes the Euler-Mascheroni constant. 
Tools from equidistribution theory
The next proposition comes from the world of numerical integration and roughly states that the average of a well-behaved function on [0, 1] can be approximated by averaging its values at finitely many points, provided that these points are sufficiently well-distributed. 
where V (F ) denotes the total variation of F .
Proof of Theorem 4.1
Let hypotheses be as in the statement of Theorem 4.1. For any d ∈ D, we let
If F is constant, there's nothing to prove, for then
If not, dividing throughout by V (F ) = 0, we may assume that F has total variation V (F ) = 1. Since H d ) by reindexing the outer sum; thus, we need only prove that Θ d (1, H d ) satisfies the desired bound. Whenever it is necessary, we will assume that d ∈ D is big enough that log log d is positive.
For any g ∈ (Z/dZ) × , let (x h ) h∈H d be the finite sequence defined by x h = {gh/d} ∈ [0, 1] for all h ∈ H d . We successively use Koksma's inequality (Proposition 4.4) and the Erdös-Turán inequality (Proposition 
Using this expression and averaging inequalities (4.6) over g ∈ (Z/dZ)
We now use Lemma 4.2 with k = 0 and plug (4.3) in the last displayed inequality: for all β ∈ (0, 1],
We choose
and we obtain that
Noticing that one has 0 ≤ 1 − log y ≤ (2ε) −1 · y −2ε for all y ∈ (0, +∞), straightforward manipulations imply the upper bound that was announced in Theorem 4.1:
with an explicit expression for the constant c 7 .
5 Upper bounds
Upper bound on P * (Λ)
We now come back to studying the size of special values P * (Λ) as defined in section 3.1. The main goal of this section is to prove an upper bound on P * (Λ).
Theorem 5.1 -Let F q be a finite field and d ≥ 2 be an integer coprime with q. Given a nonempty
Here, the implicit constant is absolute and effective.
Proof: In Lemma 3.5, we have given an explicit expression of P * (Λ), of which we take the logarithm. We then use the triangle inequality, noting that |J(a)| = q |A| when a ∈ Λ * :
Using items (ii) and (iii) in Lemma 3.6 leads to:
This upper bound on log |P * (Λ)| is easily seen to be stronger than the desired one. For completeness, we note that crude bounds lead to log |P
, where C 2 ≤ 25.
Upper bound on the 'rank"
In passing, we record the following upper bound on the order of vanishing of P (Λ, T ) at T = q −1 , which we translate into an upper bound on the rank of the Néron-Severi groups of Fermat surfaces. 
Here too, the implicit constant is absolute and effective.
Proof: Recall from Lemma 3.5 that ord 
for some absolute (small) constant.
Proof: For the duration of the proof, we choose
As we've seen in Example 3.2, one has P (Λ F , T ) = P 2 (F d /F q , T ). Part (1) of the Artin-Tate conjecture 2.1 implies that ρ(F d /F q ) equals the "analytic rank" ord T =q −1 P 2 (F d /F q , T ). The corollary is then a direct consequence of Proposition 5.2 above (the implicit absolute constant c 3 can be chosen c 3 ≤ 3).
One may compare the bound (5.3) to the "geometric" bound ρ(
This latter bound does not "see" the "growth" of the rank of the Néron-Severi groups NS( 
On the other hand, with an argument similar to the proof of Lemma 3.6, it is possible to bound
This proves that the integers (d n ) n≥1 satisfy the statement of the Proposition.
Lower bound(s) on P * (Λ)
This section is devoted to proving lower bounds on P * (Λ). For the rest of this section, we fix a finite field F q of characteristic p and an integer d ≥ 2 coprime with q. Let us start by giving a "trivial" lower bound on P * (Λ), which could be called a "Liouville type" lower bound:
Proposition 6.1 -Let d ≥ 2 be an integer coprime with q, and Λ be a nonempty (Z/dZ)
Proof: By definition, P * (Λ) is the value at T = q −1 of a polynomial with integral coefficients, namely P * Λ (T ). Thus, it is obvious that |P *
for some integer N ≥ 0 prime to q. Since P * Λ (T ) does not vanish at T = q −1 , the numerator N is actually positive. Hence N ≥ 1 and the lower bound follows from the simple observation that deg P *
However, the lower bound (6.1) is sometimes far from the truth. Indeed, assume that d divides q n + 1 for some n ∈ Z ≥1 , then the theorem of Shafarevich and Tate mentioned above (see [ST67] ) tells us that J(a) = q |A| for all a ∈ G
• d . Therefore, in this case, for any Λ ⊂ G d as above, the set Λ * is empty and, by Lemma 3.5, the special value P * (Λ) is a positive integer:
We now set out to prove a lower bound on P * (Λ) refining (6.1) in a more general case:
Theorem 6.2 -Let d ≥ 2 be an integer coprime with q, and Λ be a nonempty (Z/dZ) × -stable subset of G d . Assume that, for all ε ∈ (0, 1/4), there exists u ∈ (0, 1) such that
for some constant c ′ . Then, for all ε ∈ (0, 1/4), the special value P * (Λ) of the polynomial P (Λ, T ) satisfies The rest of this section is devoted to the proofs of Theorem 6.2 and of Corollary 6.8.
Lower bound on products
Our first step towards Theorem 6.2 will be to prove:
Theorem 6.3 -Let d ≥ 2 be an integer coprime with q, and Λ be any nonempty (Z/dZ)
We note the (surprising?) fact that w p (Λ, d) does not depend on q, but only on p. Of course, the usefulness of Theorem 6.3 relies on our ability to find a good upper bound on w p (Λ, d): indeed, the immediate upper bound w p (Λ, d) ≤ |Λ| only yields the trivial lower bound (6.1) of Proposition 6.1. This question is addressed the next subsection, where we prove that w p (Λ, d) is o(|Λ|) (as |Λ| → ∞), under the assumption of hypothesis (H).
Proof: As we have seen (in Lemma 3.5), the special value P * (Λ) associated to Λ has the following shape:
From this, we deduce that log |P * (Λ)| = log |integer| + log
and we shall now find lower bounds on the product Π * Λ := A∈Oq(Λ * ) 1 − J(a)q −|A| on the right-hand side. This product Π * Λ is a nonzero element of Z[q −1 ] and we need to bound from above the exponent of q appearing in its denominator. We split the proof of Theorem 6.3 into three parts.
First, we recall the following proposition of Shioda (see [Shi87, Prop. 2.1]) concerning Jacobi sums. For the convenience of the reader, we give a proof in our notations below.
Lemma 6.4 (Shioda) -Let F q be a finite field, d ≥ 2 be an integer coprime with q, and a ∈ G 
× , we denote by σ g ∈ Gal(K/Q) the corresponding automorphism of K in the usual isomorphism. Now let Finally, we use our choice of g i as representatives of (Z/dZ) × / p d and the fact that J(p j · a) = J(a) for all j ≥ 0 to arrive at the expression announced in the statement of the lemma:
We also need a more explicit expression of the p-adic valuations ord p J(t · a) appearing in the previous lemma: To conclude, one only needs to combine (6.7) and (6.8) with (6.6), and to remember that
We can now finish the proof of Theorem 6.3: as we noted at the beginning of this subsection, the desired lower bound on P * (Λ) follows from one on Π * Λ . The hypothesis that Λ be stable under the action of (Z/dZ) × implies the rationality of Π * Λ (see (2.7)). In particular, we get: Finally, putting (6.13) and (6.14) together, we obtain a strong version of Theorem 1.3: 
